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preliminary relationship between the model equations and the allowed
tissue supersaturation. In Chapter II, several equations which
supplement the decompression criterion are developed: the allowed
supersaturation is augmented by the dynamic critical-volume hypothesis,
a perfusion-limited equation is used to describe the exponential uptake
and elimination of gas by the controlling tissue, and the regeneration

of crushed nuclei is cons- ‘ered.

'C. THE MODEL EQUATIONS

During a rapid compression from an initial ambient pressure Po to
some 1ncreased pressure Pm (Fig. 1), each included bubble nucleus is
subjected to a "crushing™ effect which decreases its radial size. This
results in an increased tolerance to supersaturation since smaller
nuclei will form macroscopic bubbles less readily than larger ones. The
greater the crushing pressure.Pcrush, the greater the supersaturation
required to form a given number of harmful bubbles. There is another
way to characterize the data: for any pressure schedule, all nuclei
which are initially larger than some "critical” radius r, will grow to
form macroscopic bubbles, while the rest will not.

The first of the varying-permeability model equations relates the
crushing pressure Pcm‘Elh to the corresponding change in the critical
radius from T, to L At the onset of decompression, T characterizes
the smallest nucleus which will produce a macroscopic bubble, just as r,
did prior to crushing. For the permeable compression from P0 to Pm’ we

have [10]
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Porush = Fo = Po = 20vo - M/ - 1/r ) (1.1)

where Y is the surface tension and Yc is the "crumbling” or maximum com-
pressicnal strength of the surfactant skin. When Pm exceeds the
changeover point P* (9.2 atm abs), the equation appropriate to the
impermeable region must be used, and for the impermeable compression

*
from P to Pﬁ, we have [10]

*

* * * * 3
Perush = Fa =P =200 - MW/, - 1/r) + P + 2P+ P (r /r)°, (1.2)

where

r o (PP )/2(¥gy) + U/r 17! (1.3)

is the radius of the critical nucleus at the onset of impermeability,-
* *
found by replacing Pm and rm-with P and r in Eq. (1.1).

The allowed éupersaturation is given by [7]-

Pog = Pg = Pg = 20¥/v)(y - /e, (1.4)

which can be solved by rearranging Eqs. (1.1) and (1.2) to obtain

values for e The result is

o = [Popuan/200e™) + 1/, 17! (1.5)

o crush

for the permeable regime, while for the impermeable regime one must
solve the cubic equation,

£ - vyl - (PO/c)r*3 =0 (1.6)

with

* * *
¢ =P . p - P +2P + Z(YC—Y)/r . (1.7)




The golution is found in standard mathematical tables:

p = - 2(Ye=n)/e (1.8)
q = - Por*B/c , (1.9)
a=-p3 , (1.10)
b= (2/27)p° + q (1.11)
A = [-b/2 + (b¥/4 + a3V (1.12)
B = [-b/2 - (b%/4 + 23721/ 213 (1.13)
r = A+B-p/3 . (1.14)

The cﬁb{c equation has two additional rooﬁs, but it can be shown that
they are always neéativé or imaginary, given realistic values for the
model parameters. To attempt a more explicit solution for n is
impractical, thus the above equations have been inserted directly into
the computer program.

It has been shown that the allowed supersaturation can be found
for any rectangular pressure schedule by specifying only three
parameters: Y, Yo and Toe In addition, it is a feature of the model
that the supersaturation is dependent only upon the ratios Y/Yc and
Y/ro. Thus there is some flexibility afforded in selecting absolute
values for v, Yc, and T, Also, by specifying the given ratios
instead, the number of free parameters can be reduced from three to
two. As will be shown, the critical-volume hypothesis and nuclear

regeneration require one free parameter each, for a total of four.




CHAPTER II

A. THE CRITICAL-VOLUME HYPOTHESIS

In previous applications of the varying~permeability model [11,12],
the number of macroscopic bubbles evolved during decompression was used
to quantify decompression stress, Schedules which produced the same
number of bubbles were assumed to cause the same decompression
liability. This method worked remarkably well for rudimentary schedules
and outcomes, such as pressure excursion limits and injury versus
no=injury situations. The first VPM tables (unpublished) were thus
based on the assumption that the body could accommodate a certain number
of bubbles. The bubble number was equal to the number of nuclei -
initially present with radii lérger than some critical radius T and
the allowed supersaturation was calculated using Eq. (1.4). This
method generated schedules th- ' were quite reasonable for lengthy dfves
but failed in the case of sho. r dives, where it required excessive
decompression times. In particular, satisfactory no-stop limits could
not be produced concurrently with saturation dive schedules using the
same nucleation parametera. The no-stops were "too safe" because the
bubble number was being limited by the saturation dives.

It is known that tables currently in use often allow many bubbles
to form during decompression. These can be detected by Doppler
monitoring [26]. Apparently, the body can support some bubbles without
outward signs of decompression stress., Of course, the long-term
effects of repeated exposure to such bubble formation remain undefined

and, perhaps, unsuspected, Among the many possible scenarios are an
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increased incidence of osteonecrosis and "punch-drunk™ behavior in
divers, attributable to the chronic random destruction of cells in brain
and bone., The incidence of macroscopic bubble formation in human blood
or tissue can no longer be ignored in the creation of decompression
tables: merely avoiding the bends may not guarantee diver safety.

The "primary" bubbles formed directly from nuclei may lead to
"secondary” bubbles via fission [27] in blood or by the creation of
"rosaries" in the interatitial spaces of the firmer tissues {28]. Since
tissue deformation and impairment of circulation should depend upon both
the size and the number of bubbles, it seems plausible that the total
volume of evolved gas would serve as an effective criterion [29]. This
would permit the formation of many small bubbles or of very few large
ones. The "constant-bubble-number™ hypothesis has thus been replaced by
the "critical-volume™ hypothesis and the number of bubbles has been
allowed to fluctuate accordingly. For shorter total decompression
times, bubble nuclel have little time during which to inflate. The
permissible critical radius is then smaller and the allowed super-
saturation larger, resulting in many small bubbles. Conversely, during
long decompressions, bubbles may grow very large, so only a few are
permitted. Because the number density and size distribution of nuclei
in vivo are unknown, the tabdle calculations are based upon an iterative
procedure which does not explicitly determine the number of bubbles or
the volume of released gas,

The original safe-ascent criterion was based on Eq. (l.4) and gave
lines of constant bubble number (Fig. 2) [6] which were associated with

lines of constant decompression stress, Our latest revision alters that




Fig. 2 - Plot of supersaturation versus crushing pressure for various
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criterion by augmenting the allowed supersaturation. This 1s accomp-
lished by permitting the gas phase to inflate during decompression,
under the constraint that the total volume of free gas never exceeds
some critical value VC' The rate at which the gas phase inflates is
assumed to be proportional both to the number of bubbles in exceas of

the safe-ascent criterion and to the new supersaturation,

p‘;:"(t)(nne ~N .y =xV , (2.1)

w safe

where ¥ is the constant of proportionality, The total volume of released

gas must remain below VC and can be found by integrating Eq. (2.1),

t new
Io Pss (t)(Nnew B Nsafe)dt = XVo - (%‘2)

‘In this case, the integral must reach its maximum value at time te 8o as
not to exceed the volume VC' Since the bubble numbers are constant
after the first decompression step, they are independent of time. The
new decompression criterion is then
t
(Noew = Nsage) Ioc P::"(t) dt = xVo. . (2.3)

new

Adopting a form for Pss

which 1s positive definite and letting the
time tc go to infinity is one way to guarantee that the integral is
maximized. It 1s therefore assumed that szw remains constant during
the decompression time tp and decays exponentially thereafter. In
practice, the supersaturation will eventually become slightly negative,
since humans equilibrated at atmospheric pressure are inherently

unsaturated by some 54 mm Hg [30]. Unfortunately, the time at which the

integral would reach its maximum under those conditions is unknown, The
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assumed form of P;:“ 13 conservative, since the true value will he a

little lower, and the net volume of free gas will be somewhat less than

VC' The integral and its solution are
(N ~-N ){ftD P2V 4t + fw PP¥ exp[(t.-t)/H 1dt} ,
new safe’‘'o "33 t, s D
= (Nnew - Nsafe) P::w (tD + H*) = XVC ’ (2
where P::"lr i+ < a constant, i - H/ln 2 is the exponential time

constant, ana a is the half-time of the controlling tissue.

The new supersaturation criterion ig thus
ew *
P:s = XV / (Npoy Noaged(tp + B (2.5)

The radial distribution o6f bubble nuclei has been found to follow a
decaying exponential function (Fig. 3) [15] in several in vitro studies
[5-7,16,13—151, and it is reasonable to assume that a similar

distribution exists in vivo. The number of bubbles formed is [:

N - No exp(—BoSro/ZkT) (2.6)

safe

for the original safe-ascent ¢riterion and

new :
Hnew = No exp(-BoSro /2kT) (2.7)

for the new augmented supersaturation, where No is a normalization
constant, BO = z(YC-Y)/rb is determined from the model parameters, S is
the effective surface area of one surfactant skin molecule in situ, rgew

is the size of the smallest nucleus that contributes to the new bubble

number, k is the Boltzmann constant, and T is the absolute body
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temperature, The difference in the bubble numbers can then be written

- N

Noew = Moate = N [exp(-B Sro""/2kT) — exp(-B Sr_/2KT)]. (2.8)

If the exponential arguments are small, this simplifies to

- N

- new nevw

The last approximation is questionable, since the values of the model
parameters are neither fixed nor known, If the approximation is not
valid, the bubble numbers would simply correspond to a linear nuclear
size distribution rather than the linear (small exponent) regime of an
exponential distribution,

Bqs. (1.4) and (1.5) can be combined to give

PALe & 2v(vg - V/Yar, + VP on (2.10)
and
P::w = 2Y(YC - Y)/Ycrzew + (Y/YC)Pcrush * (2.11)

Although Bq. (i.5) applies strictly only to the permeable regime, it
varies little (less than 3%) when Compared to the impermeable cubic

- equation at the maximum Pcrush (largest deviation) encountered. It is
therefore reasonable to use Egs. (2.10) and (2.11) to simplify Eg.

(2.9). The corresponding radii are

safe p
ss crus

ro = 2Y(vg = M)/ {xclP RY/ Y21} (2.12)

and

1o = 270 - MIYGIPLST = Pl n (VYD) (2.13)

ss  crus




Inserting these results into Eq. (2.9), we obtain

- N = [BONOSrO/ZkT](pgz' - P::fe)

Nnew safe ' (2.
P::w = (Ye)Peryan
The new supersaturation given by Eq. (2.5) is
pRev . 2xVCkT [p::w - (Y/YC)Pcrush] . (2.
= N 8 St (ty+ H )(PISY - poate)

which can be expressed in the standard quadratic form

2

new new

(Pss )y - b(Pss ) +ec=0, (2.
where

safe * .
b f P + af(tD+-H ) (2.
*®

¢ = (YYQP, puenl® (gt HDT (2.
and

Q= 2x?CkT/NoBOSrO = xVCkT/No(TC-Y)S . (2.
Quantities such as ¥, S, Vc, No, Nnew’ and Nsafe are, of course,

absorbed into the third free parameter a and are never explicitly

determined. The solution for the new allowed supersaturation is
P o b+ (b7 - 4e0)t )2 .

which has been inserted directly into the computer program. However,
since tp depends on Pzzw, Eq. (2.20) must be iterated to convergence,
evident when two successive calculations give virtually the same total

decompression time tD'

16
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B. TISSUE TENSICN
The allowed tissue supersaturation provided by Eq. (2.20) must be
converted to an allowed depth before a decompreasion step can be made,
So long as the difference between the tissye tension t and the ambient
pressure Pamb does not exceed that allowed supersaturation, the critical
volume of free gas will not be exceeded. The constraining relationship

is therefore
TW(e) ~ P (t) s p::‘ , (2.21)

where the equals sign is adopted to minimize the total decompression
time, If the time scale for equilibration of the body with the
breathing gas is short compared to the rate of change of depth, the
ambient pressure will correspond to the current depth of sea water. The

ascent criterion is then
D,(t) = T(t) - ngw , (2.22)

in which Da is the allowed depth. Once.the tissue tension is known as a
function of time, Eq. (2.22) will provide the exact depth requirements.
However, since ascents are normally made in stages rather than
continuously, the computer program adjusts Da in even increments (of 10
fsw) and solves for the elapsed time instead.

The tissue tension calculation is based upon a perfusion-limited
rate equation [31],

dr(e) _ k[P () - t(v)] , (2.23)
dt

where k = (In 2)/H and H is the tissue half-time. The partial pressure
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Pa of a single inert gas in the breathing mixture is assumed to be
proportional to the ambient pressure Pamb’ where F is the constant of
proportionality, The fraction of nitrogen is fixed at F = 0,79 in all
the air-table calculations, Oxygen, carbon dioxide, and water vapor
will be taken into account shortly. The rate equation is then

g:gtz - k[FPamb - 1(t)]

or

. (2.24)

amb

dr(t) + k t(t) = kFP
dt

The homogeneous solution to Eq. (2.24) is of the form

T(t) = AeKE | | | C (2.29)

The change in the total ambient pressure during any linear
(constant velocity) depth excursion from an initial pressure PO iz given

by

Pomb = Po + V8 (2.26)

[]

where v has the units of fsw/min and t i{s the duration of the excursion
in minutes. Inserting Eq. (2.26) into Eq. (2.24), we find that the

particular solution to the rate equation is
t(t) = F(Po + vt - v/k) . (2.27)

The complete solution is the sum of the homogeneous and particular

solutions, or
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k

T(t) = AeT™F 4 F(P_ + vt - v/k) . (2.28)

To evaluate the constant A, we assume that the excursion begins at time

t = 0 and at depth P = P . This yields
am o

b
T(0) = A + F(P_ - v/k)
or

A=1(0) - F(Po - v/k) . (2.29)

Using the above equations, we may ingert any arbitrary starting
depth Po with its corresponding tissue tension T(0) and calculate the
tissue tension as a function of time, even if there is-no excursion
(constant depth). To describe the various bodily tissue types, fixed
half-times for some fifteen tissue compartments have been included
(Fig. 1), raﬁging {(for nitrogen) from one minute to twelve hqurs'
(31,32,41,51-55], They are intended to span the full range of diving
experience, from no~stop decompressions to saturation dives, Of these
tissue half-times, one will be found to yield the greatest teansion via
Eq. (2.28) and is thus said to be "controlling" the ascent through Eq.
(2.22). The half-times of the controlling tissues tend toward larger
values as the elapsed decompression time increases,

Oxygen, carbon dioxide, and water vapor have been treated as a
grbup labeled "active" gases. The details of their treatment have
already been published [30], so only a brief statement is presented
here. The contribution of the active gases to the inert gas tension can
be found by subtracting the "oxygen window" (Fig. 4) from the inspired

oxygen pressure, The oxygen window calculation is based upon the
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Fig. 4 - Plot of dissolved gas tension versus oxygen partial pressure.
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pressures below 1500 mm Hg.
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inhalation of "dry" air containing no carbon dioxide, using the normal
values of 47 mm Hg for water vapor pressure and 40 mm Hg for the
arterial carbon dioxide pressure. A remarkable fact is that the result
of the subtraction is very nearly constant at 102 mm Hg until the oxygen
partial pressure reaches about 1500 mm Hg., The active-gas contribution
to the iner; gas tension has therefore been set at 4.43 fsw (102 mm Hg)
for O2 pressures below 1500 mm Hg, and at 4.43 fsw plus the excess
oxygen partial pressure (inspired pressure less 1500 mm Hg) for higher
02 pressures, For 02 partial pressures above 360 mm Hg, care must

be exercised to guard against oxygen toxicity.

C. NUCLEAR REGENERATION . -

As 1llustrated in Fig, 2 [6], samples of knox gelatin display
increased resistance to bubble formation following the rapid application
of a crushing pressure [5-7]. The same effect occurs in vivo, as can be
seen in Figs. 5 [11] and 6 [30]. The larger the exposure pressure, the
fewer the bubbles that form with the same allowed supersaturation during
decompression. The varyiang-permeability model dictates that bubble
nuclei are "crushed” by the mechanical strength of the initial
compression and that the number of nuclei larger than the critical
radius decreases. Surfactant molecules are forced out of the nuclear
skin into solution, perhaps into a "reservoir™ just outside, where they
remain available to retake their old positions.

The equilibrium exponential radial distribution of bubble nuclei
has been derived from statistical-mechanical considerations, and it has

been shown theoretically that a nuclear population, once crushed, is
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capable of stochastically restoring that distribution [16].. The time
constant for such "nuclear regeneration" is assumed to be comparatively
long, ranging from several hours to days or weeks, One implication is
that divers might become "acclimated" by diving regularly and depleting
the nuclear population, only to contract the bends when returning after
a leave of absence, since this population has regenerated and decreased
their decompression tolerance., Another situation is that of lengthy
saturation dives, such as the Tektite l4-day exposure at 100 fsw. Any
beneficial effect provided by crushing may have been "forgotten" prior
to returning to the surface, In order to accommodate qhe phenomenon of
nuclear regeneration, the computer program has been designed to track
nuclear growth continuously fo}lowing the initial compression. This is
accomplished by allowing the minimum nuclear radius r, to evolve
gradually back into the original critical radiqs L, The time-

dependence is approximated by the exponential relation
rm(t) = rm(O) + {1 - exp(-t/rr)} [ r, - rm(O) 1 . (2.30)

The time constant T, is the fourth and last of the free parameters
used to calculate the VFM tables. It may be argued that some of the
model constants, such as the impermeability threshold or the tissue
compartment half-times, have been arbitrarily selected and therefore
should have been included in our list. However, each of those constants
was presumably fixed prior to the application of the model to the
construction of diving tables, whereas the four variable parameters were
optimized to "tune" the output to the body of available data on safe

ascents. No variable or constant (other than the excursion profiles)
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needs to be added or changed to calculate any of the literally thousands
of VPM air and helium schedules represented in this work, or any new
schedule within the same range, It is the physical model which
facilitates our table calculations, not the inclusion of "hidden”
parameters, and it is a notable feature of the nucleation
approach—evident already in this naive formulation—that the usual
proliferation of free pa 1eters (e.g., M-values) can be avoided.

Very little has bee 3aid about the physiological processes which
presumably underlie the mathematical equations in this chapter.
Obviously, oxygen and carbon dioxide were taken into account, and
typical ranges for the tissue half-times were assumed. However, no
distinction was made between "fatty, loose tissue™ and "watery, tight
‘tigsue™ [29], nor was it explicitly stated where the bubbles form or how
they grow, muitiply. or are transportéd. Finally, nothing was said
about such factﬁrs as solubility, diffusion versus »erfusion, tissue
deformation pressure, or rissue-specific differences in surface te sion.
Since all of the omitted items are not well understood, at least in
vivo, the main effect of attempting to take any of them into account
would be to increase the number of free parameters. For example, this
number could be doubled simply by assuming a different set of nucleation

parameter values for aqueous and lipid constituents.
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